We propose the higher-order topological insulators with a quantized quadrupolar moment can be realized in quasicrystals. As a specific example, we consider a quasicrystalline Ammann-Beenker tiling with a square-shaped boundary. Most saliently, we find that topological corner states emerge when the site density exceeds a threshold value. Further, we theoretically design an electric circuit of the Ammann-Beenker tiling and show that the topological corner states in quasicrystals can be realized in classical electric circuits for the first time. We confirm that our findings of topological corner states are generic and can also be applied to the Penrose tiling and other aperiodic structures such as amorphous systems.
Introduction.-As an extension of topological insulators, higher-order topological insulators 1 have emerged as a new topological phase of matter and attracted a great deal of attention in condensed matter physics, as well as optics, acoustics and mechanics fields. In contrast to conventional topological insulators, an n-th higherorder topological insulator in d dimensions has (d − n) dimensional topologically protected boundary states, but (d − 1) dimensional gapped boundary states 1 . For instance, in two dimensions (d = 2), the hallmark feature of a second-order topological insulator is gapped edge states and zero-energy corner states. Similar to conventional topological insulators, higher-order topological insulators can also be characterized by topological invariants, and have a generalized bulk-boundary correspondence relationship. Higher-order topological insulator has been proposed in various systems [1] [2] [3] [4] [5] [6] [7] , and experimentally observed in Bismuth 8 , phononic 9 and photonic crystals 10, 11 . Remarkably, a higher-order topological insulator has also been confirmed in electric circuits, and the corresponding topological corner states were verified by measuring the impedance 12, 13 . In the past years, conventional and higher-order topological insulators were mainly investigated in crystalline systems since their topological nature originates from Bloch band topology. While quasicrystalline systems, which possess long-range orientational order but without translational symmetry, can exhibit exotic properties due to their special structures [14] [15] [16] [17] [18] [19] [20] . Recently, there has been increasing interest in realizing topologically nontrivial phases in quasicrystals [21] [22] [23] [24] [25] [26] . For example, the quantum spin Hall insulators 22, 23 , Chern insulator 25 , Floquet Chern insulator 24 , and topological superconductors 26, 27 are proposed to be realized in quasicrystalline systems. However, higher-order topological insulators in quasicrystals have yet to be studied. In this work, we propose the realization of higherorder topological insulators in quasicrystalline systems. We consider the quasicrystalline Ammann-Beenker tiling and Penrose tiling with a square-shaped boundary. Most saliently, we find that both of them can host topological corner states when the site density exceeds a critical value. Inspired by the rapid development of electric circuits in realizing periodic topological systems, we theoretically design an electric circuit of the AmmannBeenker tiling structure to realize the topological corner states. In addition, we also discuss the topological corner states in the quasicrystalline Ammann-Beenker tiling with pentagon and octagon shaped boundaries, as well as that in amorphous systems.
Model. 
where r i,j = r i − r j is the vector from point j to point i. T (r i,j = 0) = σ 0 τ 3 (M + 2t 2 ), and
T (φ i,j ) describes the hopping term between two different sites, where Z (r i,j ) = Θ (R − r i,j ) e 1−ri,j /a determines the spatial decay of the hopping amplitudes within a distance of R from i, and r i,j = |r i,j |. Θ the step function that enforces the cutoff distance R.
depends on the polar angle φ i,j of the vector r i,j . σ µ and τ µ with µ = 0, · · · , 3 are the Pauli matrices acting on spin and orbital spaces, respectively. Although the mass term g cos (2φ i,j ) σ 1 τ 1 breaks both time-reversal symmetry T and the C 4 rotational symmetry, the Hamiltonian preserves a combination of T and C 4 symmetries. This model on a square lattice has been studied by A. Agarwala et al 28 . When g = 0 this model supports a pair of helical edge modes, while for g = 0, it describes a higher-order topological insulator that hosts four zero-energy modes at boundary corners of the square lattice 28 . In the following, based on this model, we explore the realization of higher-order topological insulator in quasicrystalline systems. However, the main results presented in this work are not restricted to the model we use. Throughout this work, we adopt the quadrupolar moment Q xy to characterize the higher-order topological phase of the system 1,28-30 . A quantized quadrupolar moment Q xy = 1/2 (modulo 1) can distinguish a higherorder topological insulator from a normal insulator. In the following calculations, we will take the parameters R = 8, M = 0, a = 1, and t 1 = t 2 = g = 1.
Ammann-Beenker tiling. -The Ammann-Beenker tiling is a kind of aperiodic tiling with the C 8 rotational symmetry. We investigate the topological feature of the tight-binding model (1) on an Ammann-Beenker tiling patch by appropriate cutting. The density of sites, an important physical quantity affecting the topological phase of the system, is defined by ρ = N/S, where N is the number of the lattice site, and S is the area of the patch. ρ can be tuned either by varying the area S with a fixed site number N , or by varying N with a fixed S. Fig. 1 shows the main results of the higher-order topological insulators on the Ammann-Beenker tiling patch with a square-shaped boundary. In Figs. 1(a-b) , we respectively plot the energy spectra at a low density (ρ = 0.227) and a high density (ρ = 0.908). In the case of low density, there is an energy gap in the spectrum and no in-gap state. Whereas in the case of high density, four zero-energy modes reside inside the energy gap. According to the probability density distributions of the zero-energy modes as shown in Fig. 1(c) , we can see that the zero modes are symmetrically localized at the four corners of the sample. To identify the topological origin of the corner states, in Fig. 1(d) , we present the quadrupolar moment Q xy as a function of ρ. There exits a topological phase transition at ρ c ≈ 0.38. For ρ ≤ ρ c , Q xy = 0, which implies the system is a trivial insulator. For ρ > ρ c , Q xy = 1/2, it means that the system enters a higher-order topological insulator phase. Therefore, the corner states shown here are topologically protected zero-energy modes.
We have also investigated the implementation of the higher-order topological insulator on the AmmannBeenker tiling patch with pentagon and octagon boundaries. The probability density distributions of zeroenergy modes are illustrated in Fig. 2 . For a pentagonshaped boundary [ Fig. 2(c) ], all the corners are occupied by the zero-energy modes except the uppermost one. The probability density distributions at corners become no longer symmetric. The spread of the probability density of the corner states is caused by the finite size effect. However, for the octagon-shaped boundary as shown in Fig. 2(d) , the zero-energy modes are not localized at boundary corners but spread along four nonadjacent sides of the octagon, dubbed side states. By constructing different boundary shapes 31 , we find that the existence of corner states requires that the corner is formed by two intersecting sides from two different regions with masses with opposite sign [colored by red and blue as shown in Figs. 2(a) and (b) ]. Side states spread along the sides that is located at the boundary between the two mass regions. This is the reason why the zeroenergy modes spread along some sides for the octagonshaped boundary.
Electric-circuit realization.-More recently, people have found that classical electric circuits can provide an easily achievable way to simulate various topological systems 12, 13, [32] [33] [34] [35] [36] . In this section, we show the corner states in the Ammann-Beenker tiling system can be simulated by an aperiodic Ammann-Beenker LC circuit. To make it more achievable in electric-circuit systems, we modify the hopping terms of the Hamiltonian (1) as T (r i,j = 0) = γ (Γ 2 + Γ 4 ) and T (r i,j = 0) = λ 2 Z (r i,j ) T (φ i,j ) with
Here Γ ν = −τ 2 σ ν with ν = 1, 2, 3 and Γ 4 = τ 1 σ 0 , where τ and σ are Pauli matrices representing the sublattice degrees of freedom in a unit cell. γ and λ denote the intra-unit-cell and inter-unit-cell hoppings. The modified model Hamiltonian on the Ammann-Beenker tiling patch with a square-shaped boundary also gives rise to the density-tunable higher-order topological insulator phase with four corner states 31 . To construct the circuit, we arrange the capacitors and inductors in the manner shown in Figs. 3(a) and (b). More details on the circuit are presented in Supplementary Materials. 31 We denote p = 1, 2, · · · N to be the circuit lattice labels, I pa and V pa the current and voltage of the grounded node p a with sublattice labels a = 1... 4 . For an alternating current voltage V (t) = V (0) e iωt with frequency ω, the electric response can be obtained from Kirchhoff's law, 
, where C pa,0 and L pa,0 are the capacitance and inductivity between node p a and the ground. In the circuit, we model C pa,0 and L pa,0 properly such that the diagonal elements of the circuit Laplacian J (ω 0 ) are zero for the resonance frequency
Furthermore, the Kirchhoff's current law requires that I = 0, which means zero eigenvalues j n (ω) = 0 are actually eigenmodes of the circuit system 12 . In Figs. 3(c) and (d) , we show the spectra of the circuit Laplacian as a function of the normalized frequency ω/ω 0 with different circuit site density ρ. For a high density ρ = 0.908, the spectrum shows a pair of isolated doubledegenerated zero-energy modes inside the bulk spectra gap near the resonance frequency. While for a low density ρ = 0.101, there is no in-gap state inside the bulk spectra gap, indicating that the system is in the trivial phase. The impedance between two nodes, which can be used to confirm the topological corner states, is given by
where j n (ω) is the n-th eigenvalue of the circuit Laplacian and φ n (p a ) is the corresponding eigenvector on the p a -th node. The impedance diverges whenever the circuit Laplacian has a zero value eigenvalue. Therefore, the topological zero modes can be detected by measuring the divergence of the impedance. In Figs. 3(e) and (f), we compute the impedance between two nearest-neighbor nodes of a circuit unit cell located at the corner, the edge and in the bulk. In the topological case, the corner impedance shows an obvious peak at ω/ω 0 = 1, which is much more prominent compared with the edge and bulk modes. The impedance peak of the corner modes demonstrates their distribu-tions are indeed localized at the sample corners. While in the trivial case, the peak disappears, indicating the system possesses no localized modes.
Penrose tiling.-To confirm that our findings of the Ammann-Beenker tiling are generic and can be applied to other quasicrystalline systems, we consider a Penrose tiling patch with a square-shaped boundary. The Penrose tiling has the C 5 rotational symmetry. As shown in Fig. 4(a) , four zero-energy modes reside inside the energy gap for a high density of sites ρ = 0.924. From the probability density distributions of the zero modes shown in Fig. 4(c) , we can see that they are localized at the four boundary corners. However, in contrast to the previous case of the Ammann-Beenker tiling, the probability density distributions are asymmetric. In Fig. 4(e) , we plot the quadrupolar moment as a function of ρ and observe a topological phase transition at ρ c ≈ 0.35. Therefore, we can identify the topological origin of the corner states in Fig. 4(c) . The zero-energy in-gap states for other shapes of boundary are presented in Supplementary Materials 31 . Amorphous lattice.-Amorphous system has been proposed to be another aperiodic system that hosts topological phases of matter 27, [37] [38] [39] [40] . In this section, we investigate higher-order topological insulators in amorphous systems. As illustrated in Fig. 4(b) , the energy spectrum show zero-energy in-gap modes for ρ = 0.875. According to the probability density plots as shown in Fig. 4 (d) , we can see that the zero modes are localized at boundary corners. In Fig. 4(f) , we observe a continuous topological phase transition by plotting the configuration averaged quadrupolar moment as a function of ρ. To get a clear phase transition point for amorphous systems, we use the following scaling function
which is a function of the density ρ and the system size L. f (x) is a priori unknown scaling function, which is close to 0 when x 0 and close to 1/2 when x 0. Based on the scaling analysis, we find that near the phase transition point ρ c = 0.266, the diverging localization length exponent of the wave function is υ = 1.172. We can conclude that the corner states shown in Fig. 4 (d) are topological zero-energy modes since the density ρ > ρ c .
At last we would like to point out that our findings of the corner states in amorphous systems are quite different from previous studies 28 where the corner states require the boundary corners can be connected by the 4-fold rotation.
Conclusion.-In this work, we have theoretically realized higher-order topological insulators in quasicrystals such as the Ammann-Beenker tiling and the Penrose tiling systems. The topological corner states emerge by carefully choosing shape of the boundary. We propose an experimental design of topological corner states on the Ammann-Beenker tiling patch by using an electric circuit. Considering the rapid development of electric circuit in engineering topological states, our proposal of Note added.-Recently, we became aware of a complementary study, which focuses on realizing a higher-order topological superconductor phase on an 8-fold symmetric patch of the Ammann-Beenker tiling 41 .
